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2-D vortex method for pressure evaluation on 
protruding wall for high Reynolds flow 
Stanisław Kostecki 
 
In den Druckleitungen mit flachen Schiebern, z.B. mit Grundabflüssen einer 
Talsperre, Umlaufstollen Stromerzegungsstollen kommen beachtliche 
hydrodynamische Belastungen, die von dem Öffnungsgrad dieser Einrichtungen 
abhängig sind, vor. Diese Belastungen sind oft Ursache für Betriebsprobleme z.B. 
für Schwingungen dieser Konstruktionen. Für die Lösung eines 2 D-Umlaufs 
eines rechteckigen Hindernises mit einer großen Reynoldschen Zahl hat sich der 
Autor der Wirbelmethode bedient. Die Rand-Elemente-Methode wurde dagegen 
zu einer Bestimmung des Feldes der Potentialströmung eingesetzt. Die Nicht 
Glitschig Ufer Bedingung wurde mittels des Generierungsprozesses der Wirbel 
auf dem Ufer ausgeführt. Das variable Druckfeld wurde anhand der Navier-
Stokes-Gleichung mittels der Finite-Differenz-Methode aufgrund des mit 
Wirbelmethode berechnetten Geschwindigkeitsfeldes ermittelt. 
1 Introduction 
Hydrodynamic force acting on the vertical lift gate in the conduit is the result of 
variable pressure occurring during the flow and it depends on many factors, 
among others on geometry of the gate and channel, flow turbulences and 
possible gate vibrations . The force can be expressed as the sum of average 
value and fluctuation. The average load value influences the value of the lift 
force and it should be taken into account in the process of gate designing. The 
load fluctuation component and its frequency play a significant role in the 
induction process of gate vibration. Instability of the shear layer separation off 
the bottom construction edge is the most common cause of induction in case of 
gates with flow underneath. The research carried out by Hardwick (1974), 
Ngujen (1990) and Naudascher (1994) show that there are the shapes of the 
bottom edge, which are in favour of the phenomenon of unstable-flow 
conditions, and in particular of the gate with a flat bottom edge or the one 
inclined at the angle < 30º to the level. The aim of the paper is to present the 
vortex method to determine variable hydrodynamic loads acting on the obstacle, 
which is the model of the vertical lift gate.  
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2 Vortex method description  
2.1 Governing equations 
For the first time the vortex method was suggested by Chorin (1973) for viscous 
flows. Chorin suggested the splitting method of the vorticity transport equation 
into two separate operators – convection and diffusion which are solved with 
different numerical methods. Since then the vortex method has been used with 
different modifications in many problems dealing with flow through gasses and 
fluids. The problem of 2D laminar and turbulent flow through a rectangular 
channel facing backward step was the subject matter of some research, among 
others by Ghoniem at al. (1982), Barber & Fonty (2002), Kudela, Kostecki, 
(1992). Rogala, Kostecki, Kong (1994), Kostecki (2003) dealt with the pressure 
and velocity distribution in the conduit with one sided obstacle for high Re 
numbers. The convergence problem of vortex method depending on the time 
step, the cut function and spatial discretization parameters was examined by 
Beale & Majda (1982), Hald(1979), Ghoniem & Gagnon (1987) and Nordmark 
(1991).  
The movement of viscous and incompressible fluid can be expressed by the 
vorticity transport equation derived from Navier-Stokes’ equation:  
    ωωωω 2
Re
1 ∇=∇+∂
∂= u
tDt
D      (1) 
where:  u =(u,v) – a vector of standardized velocity, ω  = rot u – vorticity, which 
can be treated as a scalar quantity for 2D flows , ν/Re UH=  – Reynolds 
number defined as a ratio of the product of characteristic inlet velocity and 
height of the conduit to the coefficient of kinematical viscosity, 2∇  is the 
Laplacian. 
Vorticity  ω  can be combined with the stream function  ψ  by Poisson’s 
equation. 
     ωψ −=∇2        (2) 
The dependence between velocity and stream function is as follows: 
    
x
v
y
u ∂
∂−=∂
∂= ψψ ,       (3) 
The classic solution of the equation (2) in unlimited area is expressed by the 
equation  
    ∫ ′′′−= xxxxx dG )()()( ωψ     (4) 
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where:  dxdydyxrG =+=−= xrx ,,ln
2
1)( 22π   for  2D. 
The vortex velocity field can be determined differentiating (4) according to (3): 
∫ ′′′−=
2
)()()(
R
dxxxxKxu ω      (5) 
In order to determine the stream function ψ and velocity u singular kernels  G 
and K are replaced by their limited convoluted approximations δδ fGG ∗=  i 
δδ f∗= KK  where fδ is the cut function.  
In order to ensure convergence and accuracy of the vorticity method we assume 
that  fδ has the following properties : 
  11,,1
22
−≤+≤= ∫∫ mdfyxdf
RR
βαδβαδ xx    (6) 
In his calculations the author used Cauchy`s function, put forward by Shankar 
and Van Dommelen (1996), which does not require a numerical integration and 
thus is of practical application in calculations with the use of the vortex method. 
It is radially symmetrical and is presented as follows : 
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xf      (7) 
where : δ is a parameter calibrating the cut function, which approximates Dirac’s 
delta function when δ approaches zero 
Having taken into consideration (7) the functions Gδ and Kδ are as follows : 
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The equation of vorticity transport (1) is solved by the splitting method. As a 
result we get the equations, which describe separately the vortex convection (10) 
and diffusion (11) :  
     0=∇⋅+∂
∂ ωω ωut      (10) 
     ωω 2
Re
1 ∇=∂
∂
t
     (11) 
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The problem (1) is solved in two consecutive stages – first vorticity ω  is 
determined from the convection equation (10), and then this solution is modified 
according to the diffusion calculation result from the equation (11), which 
makes it possible to determine total vorticity transport.  
2.2 Vorticity convection 
The continuous vorticity field in the moment  t  is discretized in the vortex 
method in the form of N vortex blobs of the area  Aj transported by a finite and 
invariable circulation ∫=Γ
jA
j dxx)(ω :    
.)()(
1
∑
=
Γ−= N
j
jjf xxx δω       (12) 
where : xj is the position of the vortex blob , jΓ  is the vortex intensity . 
Vorticity for incompressible fluid is maintained along the particle trajectory, that 
is  ( ) )0,(),,( αωαω =ttx . 
Using the equation (10) in the Lagrange`s system for the vortex blob it is 
possible to describe its movement in the form of a trajectory the beginning of 
which is in point  ( )21,ααα =  and time  t = 0 determined by the equation (13): 
   .),0(),,( ααω == xxux tdt
d     
 (13) 
For the vertocity field, discretized in compliance with the equation (12) by 
means of N vortex blobs, their movement trajectory is approximated according 
to (5) in the following way: 
  ∑
=
−Γ== N
j
jijii
i tt
dt
d
1
)()(),( xxKuux δωω    (14) 
The equation (14) is the basis for the determination of the positions of all 
vortices which are in the flow area in the consecutive time steps. However the 
proper picture of the flow is obtained having satisfied boundary conditions on 
the boundaries of this area. Adhesion condition is used for the viscous and 
incompressible flows on the wall according to which normal velocity component 
disappears. It is possible to satisfy un =0 (n – unit normal vector to the wall) by 
the determination of a corresponding field of potential velocity because adding 
the potential component does not influence the vorticity distribution in any 
vector field. Assuming that the total velocity component normal to the 
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boundary, is the sum of the potential and vortex component, it will reach zero 
value, if: 
    nunu ⋅−=⋅ ωp       (15) 
The equation determines the boundary condition for the determination of 
potential velocity field. Potential velocity can be calculated on the basis of the 
potential stream function, the equation of which is given by Laplace`s equation:  
     02 =∇ pψ       (16) 
with the following boundary conditions : 
 
Figure 1 Boundary conditions to determine potential flow in each time step  
 
The potential velocity was determined on the basis of the equations (15) and 
(16) by the method of boundary elements.  
In the method of discreet vortices, the condition of us=0 (s – unit tangent vector) 
to the boundary is satisfied by the vortex generation process on the walls. Non 
continuity of the tangent component to the wall is considered to be total 
circulation vortex layer of : 
    ∫ ⋅−=Γ dssu      (17) 
where: sususu ⋅+⋅=⋅ pω  is the total velocity tangent to the boundary. The 
vortex generation process consists in the division of vortex boundary layer into 
ds long finate sections and their replacement by vortex blobs of the circulation 
isii dsu=Γ  where: ids - vortex generation section i, siu - total tangent velocity in 
the middle of the section  i.  In each time step vortices are generated on the 
boundaries and they are present in the flow in the next steps.  
In each calculation step, the vortex evolution according to the equation (18) is 
the solution of the vorticity convection equation (10):  
  ( ))),(()),()()(21 tttttt jpjjj xuxuxx +Δ+=Δ+ ω    (18) 
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2.3 Vorticity diffusion 
The function expressed by: 
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is the fundamental solution of the diffusion equation (11) in the 2D area 
where 1G  and 2G  are one dimensional functions. It is possible to observe 
similarity of each function to the density probability function of random 
variables of a regular distribution with the expected value which equals zero and 
variance  Re/2t . Therefore it is possible to express the solution of the 
diffusion equation by means of the random walk method. In each calculation 
step  tΔ , the random displacement jη  according to the equations: 
yjjj
xjjj
ηttytty
ηttxttx
+Δ+=Δ+
+Δ+=Δ+
)()(
)()(
21
21
    (20) 
is given to j vortex blob, where  2121 , jj yx  are the solutions of convection 
problem from (18). 
2.4 Pressure calculation 
The values of kinematical pressure in the flow area can be calculated from 
Navier–Stokes’ equation for a definite instant taking (3) into consideration:  
⎥⎥⎦
⎤
⎢⎢⎣
⎡
⎟⎟⎠
⎞
⎜⎜⎝
⎛
∂∂
∂−∂
∂
∂
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22
2
2
2
2
2 2
yxyx
p
ψψψ     (21) 
The pressure boundary conditions can also be supplied by the flow analysis 
modelled by the Navier-Stokes’ equations (Gresho & Sani 1987), but a better 
pressure approximation result is obtained from Prandtl’s equation (Chorin, 
Marsden, 1990) for the flows with high Reynolds number. These equations 
describe the flow in the boundary layer. Then for the boundary in the axis x 
direction we get: 
y
u
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u
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∂−∂
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∂ ω
Re
1      (22) 
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In the paper the aforementioned boundary problem was solved using the method 
of the finite differences. It should be stressed that having applied the method, the 
pressure is solved with accuracy to the constant which can be adopted taking 
into consideration hydrostatic distribution of pressure at the inlet to the conduit. 
3 Results of numerical calculations  
In order to make a simulation the area of the following standardized dimensions 
were chosen : length = 10; channel high = 1; obstacle width = 0,5; obstacle 
height from 0,2 to 0,7; inlet velocity of rectangular distribution = 1,0. It was 
adopted that boundary density for division for the potential flow was 0,1 
whereas the time step was 0,05. 
The simulation included Reynolds number Re = 10000 and different obstacle 
heights which exemplify the model of outlet vertical lift gate.  
Fig. 2. presents the vorticity evolution in time in the form of vortex trajectory. 
Each vortex blob was given a vector of its total velocity (potential and vortex 
ones ) to show the instant velocity field in the flow area. It is possible to observe 
that the vortices are generated along the walls of the channel and on the obstacle 
where high gradients of velocity occur. The vorticity field is composed of a 
number of large edies, while each of the letter consist of the number of vortex 
blobs. 
 
Figure 2 The vorticity generation and evolution in time 
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The length of the recirculation zone depends on the obstacle height what is 
presented in the form of averaging stream lines (Fig. 3). 
 
Figure 3 Dependence between the length of the recirculation zone and the obstacle 
height. 
The pressure on the obstacle was analyzed for different obstacle heights. For the 
analyzed value Re=10000 and the obstacle’s high 0,5, positive pressure occurs 
on the facing wall of the obstacle. On the bottom and rear there is negative 
pressure which is additionally variable in time, which in consequence involves 
variability of hydrodynamic forces acting on the obstacle. The effect is 
presented in Fig. 4 in the form of the graph of pressure coefficient Cp 
distribution for individual time steps. The figure also shows the results of the 
pressure measurements made by Castro.  
 
Figure 4 Obstacle surface pressures - a) and time history of pressure coefficient Cp - b) 
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4 Conclusions 
The advantage of the vortex method in turbulent flow calculations is that there is 
no mesh, which as a result makes it possible to analyze dynamic phenomena – 
formation of vortex structures and their displacement and time-variable pressure 
in the flow area.  
In this paper the author made an attempt to define effectiveness of this method 
for the determination of variable force which can be identified with the force 
inducing vibrations of flat vertical lift gates by means of calculating 
hydrodynamic pressure distribution on the walls of the obstacle. The obtained 
simulation results show that the pressure assumes negative and positive values 
and the amplitude of the changes is bigger for a higher obstacle. 
However the conducted simulations should be treated as qualitative and they 
must be confirmed in respective examinations made on a physical model and in 
reality.  
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